Abstract. Some criteria which verify the existence or non-existence of closed orbits for a non-linear differential system are given.
Introduction
In this paper, we consider the existence of closed orbits for the differential system X' (t) = (1.1)
y'(t)=x+x 2 -(es +Ezx)y
where El and e 2 are real constants. It is easy to see that this system has two singular points: 0(0,0) (saddle point) and A(-1, 0) (focus or node). In Li: p. 2151 the following result has been obtained: In [2] , the following theorem has been given. Proof: When E l = 0, the system (1.1) can be written as
Consider the function which is similar to that in [3: Section 121
where a > 0 is a constant that will be defined below. We have
exp( -ae2(x + 1)). Proof: For convenience, we set x = xj -1 and = y i By (1.1), we get the system
Obviously, the system (2.12) in the (x i ,yi )-plane has two singular points: 0(0,0) (focus or node) and A 1 (1,0) (saddle point). When e 1 = e2 , then the system (2.12) can be written as = Yi (2.13)
At first we prove that the singular point 0 1 is a focus of the system (2.13). We use a classical method (see [4: p. 180]). Set x 1 = r cos 6 and yj = r sin 6. Then (2.13) yields r' =r2 sin 6 . (cos 2 6-e 2 sin 6 cos 6) 9' = -i +r cos 6 (cos 2 0 -E2 sin 6 cos 6).
Hence we obtain by division the relation 
.). (2.19)
By this and the fact that 9' < 0 for r sufficiently small and any 9, we know that when 62 > 0, then the singular point 01 is a stable focus, and when 62 < 0, then 01 is an unstable focus. From (2.12) we obtain by division the relation At first, we assume that e2 <0 and E2 -ei > 0. Then 0 1 is an unstable focus of the system (2.13) and 0 is also an unstable focus of the system (2.12) (by Theorem 2.1 we can consider the case (e 2 -e )2 -4 < 0 only). Moreover, it follows from Theorem 2.2 that the system (2.13) has no closed orbits and singular closed orbits. We need to prove that the system (2.12) has no closed orbits. The following proof proceeds by reduction to absurdity. Suppose the system (2.12) has one closed orbit F. Let G be the region bounded by F such that 0 1 E C. Let the closed orbit F intersect the half axes y > 0, x I > 0, y ' < 0 and x 1 < 0 at M, N, P and Q, respectively. Clearly is an unstable focus of the system (2.13) when e 2 < 0. Therefore, the system (2.12) has no closed orbits.
In the case that e 2 > 0 and e2 -e 1 < 0, the proof is similar. Instead of 7+(M), we consider the negative semi-trajectory 7(M) of the system (2.13) originating from M, and we can prove that 1(M) stays in C for all t < 0 (note that (2.20) implies d dy z l l --I(2.12) < tI(2.13) for yi 0 and E2 -El < 0). This contradicts the fact that 0 1 is a stable focus of the system (2.13) when e > 0. Therefore, the system (2.12) also has no closed orbits in this case I Proof: We set E2 -= A and write the system (2.12) in the form x'l = Yi = -x i +Ay i +x -(A+Ei)xiyi. First, we assume that C2 > 0. Then, as proved above, the singular point 0 1 is a stable focus of the system (2.13). Moreover, it is easy to see that if A > 0 and sufficiently small, then 01 is an unstable focus of the system (2.12) A . Therefore (see [5: Section 25.3] ), there are a sufficiently small neighbourhood V of the point 01 and a small öo > 0 such that any system (2.12) for which A < 6o has a unique closed orbit in V.
Similarly, if e2 <0, then 01 is an unstable focus of the system (2.13). And, when A <0 and sufficiently small, then 0 1 is a stable focus of the system (2.12) A . Therefore, there are a sufficiently small neighbourhood W of 01 and a small 8 > 0 such that any system (2.12),, for which JAI < 6 1 with A < 0 has a unique closed orbit in W I
Remark that also the system -(2 . .12),\ is a special form of quadratic differential systems.
